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1. INTRODUCTION
w xSince the work of Rabinowitz 11 , there have been a large number of
papers dealing with the existence of periodic solutions of Hamiltonian
systems, both for the first-order Hamiltonian systems
x s H t , x , y , y s yH t , x , y HŽ . Ž . Ž .Ç Çy x
and the second-order Hamiltonian systems
yy s V t , y . VŽ . Ž .È y
1 2Ž . Ž . < < Ž .Equation V is a special case of H with H s x q V t, y . The results2
Ž . Ž .for H and V are analogous for both superquadratic and subquadratic
Ž .systems. Roughly speaking, if one has an existence result for H , there is a
Ž .corresponding result for V and vice versa, with suitable assumptions.
Ž . Ž .However, the results for V are not trivial consequences of that for H ,
Ž . Ž .since for H superquadraticity subquadraticity means that H is su-
Ž . Ž . Ž .perquadratic subquadratic in x, y , and for V , V is superquadratic
* Supported by NNSF of China.
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Ž .subquadratic in y, which does not imply that H is superquadratic
1 2Ž . Ž . < < Ž .subquadratic in x, y if H s x q V t, y . It is an interesting question2
Ž . Ž .to understand the relationship between H and V ; this was asked by
w xBahri and Berestycki in 3 . The aim of this paper is to give an answer to
Ž .this question. In fact, we will show that a superquadratic subquadratic
Ž . Ž . Ž .V is equivalent to a superquadratic subquadratic H by a symplectic
transformation.
A diffeomorphism f : R2 n “ R2 n is called a symplectic transformation if
f*v s v , where v s Ýn dx n dy is the standard symplectic form on0 0 0 is1 i i
2 n Ž .R . It is well known that H is invariant with respect to the group of
Ž . Ž . Ž .symplectic transformations. Set x, y s f X, Y . Then H is equivalent
to
Ç ÇX s K t , X , Y , Y s yK t , X , Y , KŽ . Ž . Ž .Y X
Ž . Ž Ž ..with K t, X, Y s H t, f X, Y . Our result shows that if V is su-
Ž .perquadratic subquadratic with respect to y, then there is a symplectic
Ž 2 n . Ž . Ž .transformation f of R , v , f X, Y s x, y , such that0
1 2
K t , X , Y s x X , Y q V t , y X , YŽ . Ž . Ž .Ž .
2
Ž . Ž .is superquadratic subquadratic with respect to X, Y . Thus some exis-
Ž . Ž .tence results of periodic solutions for V can be deduced from that for H
by symplectic transformations. In fact, what we will show is that a class of
Ž .Hamiltonian systems is equivalent to superquadratic subquadratic Hamil-
Ž .tonian systems H by symplectic transformations.
The transformation given in this paper is based on generating functions,
w xthe proof is quite elementary, and it is motivated by 6, 7 , where some
Ž 2 .transformations were given for R , v in order to deal with the existence0
of Mather sets for Hamiltonian systems.
2. A SYMPLECTIC TRANSFORMATION
We begin with some facts on the generating functions; for the details,
w x 2 n 2 Ž . 2 nwe refer to 1 . Let S: R “ R be a C function, y, Y g R , n G 2. We
denote by y ? Y the inner product of Rn. Set
x ? dy y X ? dY s dS y , Y ,Ž .
that is,
›S y , Y ›S y , YŽ . Ž .
x s , yX s . 2.1Ž .
› y › Y
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Ž 2 Ž . .LEMMA 2.1. If the matrix › S y , Y r› y › Y is in¤ertible, then there0 0
Ž . Ž .exist neighborhoods U of x , y and U of X , Y , and a diffeomorphism1 0 0 2 0 0
Ž n . n Ž .f : U “ U , f* Ý dx n dy s Ý dX n dY , where x s ›S y , Y r› y,2 1 1 i i 1 i i 0 0 0
Ž . Ž .X s ›S y , Y r› Y. If yX s ›S y, Y r› Y is globally sol¤able for y s0 0 0
Ž .y X, Y , then f is a symplectic diffeomorphism, that is,
n n
2 n 2 nf : R “ R , f* dx n dy s dX n dY .Ý Ýi i i iž /
1 1
The function S is called a generating function for f.
Ž 2 Ž . .Proof. Since › S y , Y r› y › Y is invertible, by the implicit function0 0
Ž . Ž .theorem, yX s ›S y, Y r› Y is locally solvable for y s y X, Y . Then
f : X , Y “ x X , Y , y X , Y ,Ž . Ž . Ž .Ž .
›S y X , Y , YŽ .Ž .
with x X , Y s yŽ .
› y
is symplectic.
Ž . Ž < < 2 < < b .aIn the following, we set S y, Y s y ? Y y q Y , a and b are
constants to be fixed.
Ž 2 Ž . .LEMMA 2.2. If a ) 0, 0 - b F 2, then › S y, Y r› y › Y is in¤ertible
Ž . Ž .for y, Y / 0, 0 .
Ž 2 Ž . . Ž .Proof. Set A s › S y, Y r› y › Y s a withi j
› 2S y , YŽ .
a si j › y › Yi j
a2 b< < < <s y q Y dŽ . i j
ay12 b by2< < < < < <q a y q Y b Y Y Y q 2 y yŽ . i j i jž
y ? YŽ .
by2< <q2 a y 1 b Y y Y .Ž . i j2 b /< < < <y q Y
 4 n HLet E s span Y, y ; R . It is easy to see that both E and E , the
orthogonal complement of E, are invariant subspaces of the matrix A. We
H Ž < < 2 < < b .asuppose that dim E s 2. For any j g E , we have Aj s y q Y j .
Ž < < 2 < < b .aThus y q Y is an eigenvalue of A with multiplicity n y 2. Now we
< Ž < < 2 < < b .aconsider the eigenvalues l , l of A E, which, together with y q Y ,1 2
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Ž < < 2 < < b .aform the eigenvalues of A. We claim that either l G y q Y or li i
< Ž < < 2has nonzero image part for i s 1, 2. In fact, we can write A E as y q
< < b .a Ž < < 2 < < b .ay1  4Y I q a y q Y B with respect to the basis Y, y , where I is
the identity matrix and
y ? YŽ .
b b< < < <b Y 2 y ? Y q 2 a y 1 b YŽ . Ž . 2 b< < < <y q Y
B s .2y ? YŽ .
by2 2 by2< < < < < <b Y y ? Y 2 y q 2 a y 1 b YŽ . Ž . 02 b< < < <y q Y
Let m , m be the eigenvalues of B. Then1 2
m q m s trace BŽ .1 2
2y ? YŽ .
b 2 by2< < < < < <s b Y q 2 y q 2 a y 1 b YŽ . 2 b< < < <y q Y
< < 2 < < by Y
) 2 y b G 0,Ž . 2 b< < < <y q Y
m ? m s det BŽ .1 2
22 b by2< < < < < <s 2b y Y y Y y ? Y G 0.Ž .Ž .
Thus we conclude that either the image part of m is nonzero or m G 0,i i
i s 1, 2, so none of the eigenvalues of the matrix A is zero. The case
dim E s 1 can be treated similarly. So the matrix A is invertible if
Ž . Ž .y, Y / 0, 0 .
Ž . Ž < < 2 < < b .a Ž .LEMMA 2.3. Let S y ? Y s y ? Y y q Y , a s 2 y b r2b , 0 -
b F 2. Then
›S y , YŽ .
yX s
› Y
Ž . < < 2 < < 2is sol¤able for y X, Y if y q Y / 0. Moreo¤er,
2 n  4 2 n  4f : R _ 0 “ R _ 0 , f X , Y s x X , Y , y X , Y ,Ž . Ž . Ž .Ž .
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Ž . Ž Ž . .where x X, Y s ›S y X, Y , Y r› y is a symplectic diffeomorphism satisfy-
ing, for c ) 0,
c cx , cy s c2yb r2 x x , y , y cX , cY s c br2 y X , Y . 2.2Ž . Ž . Ž . Ž . Ž .
Proof.
›S a ay12 b 2 b< < < < < < < <x s s y q Y Y q 2a y q Y y ? Y y ,Ž .Ž . Ž .
› y
›S
yX s
› Y
2.3Ž .
a ay12 b 2 b by2< < < < < < < < < <s y q Y y q ab y q Y y ? Y Y Y .Ž .Ž . Ž .
The local solvability of yX s ›Sr› Y is guaranteed by Lemma 2.2. It is
Ž . Ž . Ž . Ž 2yb r2 b r2 .easy to see that if x, y and X, Y satisfy 2.3 , then c x, c y and
Ž . Ž . Ž .cX, cY satisfy 2.3 too. This proves 2.2 .
2 n  4 2 n  4f : R _ 0 “ R _ 0
is a diffeomorphism follows from the local solvability and the homogeneity
Ž .2.2 .
Ž . Ž . 2 n 2 nDefine f 0, 0 s 0, 0 . Then we get a map f : R “ R , which is a
Ž .homeomorphism, but not differentiable at 0, 0 , except b s 2; in this case,
Ž .f s id. We can modify f in a neighborhood of 0, 0 to get a symplectic
transformation f : R2 n “ R2 n as follows.1
2 n  4 Ž .First, we note there is a function f : R _ 0 “ R such that y X, Y ?
Ž . Ž . Ž .dx X, Y s df X, Y ; that is, f is exact. Thus there is a function h t, X, Y :
Ž 2 n  4.R = R _ 0 “ R and f is the Poincare map of Hamiltonian systemsÂ
Ç ÇX s h t , X , Y , yY s h t , X , Y .Ž . Ž .Y X
Ž . Ž . Ž . Ž .Take a function j X, Y , j X, Y s 0 near 0, 0 and j X, Y s 1 if
< < 2 < < 2X q Y G 1. Let h s j h, f be the Poincare map ofÂ1 1
Ç ÇX s h t , X , Y , yY s h t , X , Y ,Ž . Ž .1, Y 1, X
Ž 2 n . < < 2which is a symplectic transformation of R , v . Then f s f if X q0 1
< < 2Y G N for large N . In fact, one can show that for any given number0 0
N ) 0 such an extension exists. Thus we have proved the following0
theorem if 0 - l s br2 F 1; exchanging x and y, we have the other part
of the theorem.
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THEOREM 2.1. For any 0 - l - 2, there is a symplectic transformation
Ž 2 n . Ž 2 n . Ž . Ž Ž . Ž ..f : R , v “ R , v , f X, Y s x X, Y , y X, Y , satisfying0 0
x cX , cY s c2yl x X , Y , y cX , cY s cl y X , YŽ . Ž . Ž . Ž .
< < 2 < < 2for c G 1, and X q Y G N for any N ) 0.0 0
3. PERIODIC SOLUTIONS OF HAMILTONIAN SYSTEMS
Consider Hamiltonian systems
x s H t , x , y , yy s H t , x , y , HŽ . Ž . Ž .Ç Çy x
1 Ž . Ž .where H g C and H t, x, y s H t q 1, x, y .
PROPOSITION 3.1. If there are l, u , R , 0 - l - 2, u ) 2, R ) 0, such0 0
that
< < 2 < < 2 22 y l H ? x q lH ? y G u H ) 0, x q y G R , 3.1Ž . Ž .x y 0
Ž 2 n . Ž 2 n .then there is a symplectic transformation f: R , v “ R , v such that0 0
Ž . Ž Ž ..K t, X, Y s H t, f X, Y satisfying
< < 2 < < 2 X 2K ? X q K ? Y G u K ) 0, X q Y G R 3.2Ž .X Y 0
for some constant RX .0
Ž .Proof. By Theorem 2.1, we have a symplectic transformation f : X, Y
Ž Ž . Ž ..“ x X, Y , y X, Y , satisfying
x cX , cY s c2yl x X , Y , y cX , cY s cl y X , YŽ . Ž . Ž . Ž .
< < 2 < < 2 X Ž 2 n 2 nŽ X ..for c G 1, and X q Y G 1. We fix an R such that f R _ B R0 0
2 n 2 nŽ . Ž . Ž Ž . Ž ..; R _ B R . Then K t, X, Y s H t, x X, Y , y X, Y satisfies0
› x › x › y › y
K ? X q K ? Y s H ? ? X q ? Y q H ? ? X q ? YX Y x yž / ž /› X › Y › X › Y
s 2 y l H ? x q lH ? yŽ . x y
G u H t , x X , Y , y X , Y s u K t , X , Y .Ž . Ž . Ž .Ž .
Ž . Ž . Ž . 1 1COROLLARY 3.1. If H t, x, y s F t, x q G t, y , F g C and G g C
satisfy
Ž . < <F1 ’ g ) 0, F ? x G g F ) 0, x G C ,1 x 1 1
Ž . < <G1 ’ g ) 0, G ? y G g G ) 0, y G C ,2 y 2 2
Ž .) 1rg q 1rg - 1,1 2
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then there is a symplectic transformation
f : R2 n , v “ R2 n , v , f X , Y s x X , Y , y X , YŽ . Ž . Ž .Ž .Ž . Ž .0 0
Ž . Ž Ž . Ž ..and K t, X, Y s H t, x X, Y , y X, Y satisfies
< < 2 < < 2K ? X q K ? Y G u K , X q Y G C ,X Y 3
Ž .with u s 2g g r g q g ) 2. In particular, if there is a u ) 2,1 2 1 2
< <V t , y ? y G u V t , y ) 0 for y G C ,Ž . Ž .y 4
Ž . Ž Ž . Ž ..then there is a symplectic transformation f, f X, Y s x X, Y , y X, Y ,
1 2Ž . < Ž . < Ž Ž ..and K t, X, Y s x X, Y q V t, y X, Y satisfies2
2u
K ? X q K ? Y G u 9K , u 9 s ) 2.X Y u q 2
Ž .In fact, in Proposition 3.1, setting l s 2g r g q g , we get the1 1 2
corollary.
Ž .Remark 3.1. If 3.1 is replaced by
< < 2 < < 2 20 - 2 y l H ? x q lH ? y F u H , x q y G R , 3.1 9Ž . Ž .x y 0
Ž .for some 0 - u - 2, then K t, X, Y satisfies the following subquadratic
condition
< < 2 < < 2 20 - K ? X q K ? Y F u K if X q y G R .X Y 0
Ž . Ž .We know from ) that superquadraticity subquadraticity of the
Ž . Ž . Ž .Hamiltonian function H t, x, y s F t, x q G t, y is determined by the
Ž .number 1rg q 1rg - 1 ) 1 . Thus it is not necessary that both F and1 2
Ž .G be superquadratic subquadratic .
Next we give some variants of the existence results of periodic solutions
w xfor Hamiltonian systems in 2, 9, 10, 13 . Many results have these kinds of
variants.
1 Ž .THEOREM 3.1. If H g C is independent of t and satisfies 3.1 , then, for
any R ) 0, Hamiltonian systems
x s H x , y , yy s H x , y HŽ . Ž . Ž .Ç Çy x
Ž . Ž Ž . Ž .. < Ž . <ha¤e a 1-periodic solution z t s x t , y t with max z t G R.0 F t F1
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w xThis theorem is due to Rabinowitz 13 , if l s 1. The general case,
including the result of Bahri and Berestycki for the second-order Hamilto-
Ž . w xnian systems V in 3 , can be deduced from l s 1 by Proposition 3.1.
THEOREM 3.2. Suppose that H g C1 satisfies the following:
Ž . Ž . Ž .H1 H t, x, y s H t, x, y .
Ž .H2 There is a b , 0 - l - 2, such that
ylr22rŽ2yl. 2rl< < < < < <lim H ? x q yŽ .xž
2 2< < < <x q y “q‘
Ž .ly2 r22rŽ2yl. 2rl< < < < < <q H ? x q y s 0.Ž .y /
Ž .H3 There are constants a ) 0, a ) 0, s ) 1r2, such that1 2
H t , x , yŽ .
s2rŽ2yl. 2rl 2 n< < < < w xG a x q y y a for x , y g R , t g 0, 1 .Ž .Ž .1 2
Ž .Then H possesses a 1-periodic solution.
w xProof. The case l s 1 is the subquadraticity given in 4 . The other
cases can be obtained by a symplectic transformation as follows. Let f be
Ž .the symplectic transformation given by Theorem 2.1 and K t, X, Y s
Ž Ž .. Ž .H t, f X, Y . By the homogeneity 2.2 , there are positive constants
M, M ,1
< < 2rŽ2yl. < < 2r l < < 2 < < 2 y1 < < 2rŽ2yl. < < 2r lM x q y F X q Y F M x q y ,Ž . Ž .
Ž . lr22yl r22 2 2 2< < < < < < < < < < < <x F M X q Y , y F M X q Y ,Ž . Ž .1 1
› x › x Ž .1yl r22 2< < < <q F M X q Y ,Ž .1› X › Y
› y › y Ž .ly1 r22 2< < < <q F M X q Y ,Ž .1› X › Y
› H › x › H › y › H › x › H › y
< < < <K q K s ? q ? q ? q ?X Y › x › X › y › X › x › Y › y › Y
› x › x › y › y
< < < <F H q q H qx yž / ž /› X › Y › X › Y
Ž . Ž .1yl r2 ly1 r22 2 2 2< < < < < < < < < < < <F M H X q Y q M H X q Y .Ž . Ž .1 x 1 y
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Hence
< < < <K q KX Y
1r22 2< < < <X q YŽ .
Ž .ylr2 ly2 r22 2 2 2< < < < < < < < < < < <F M H X q Y q M H X q YŽ . Ž .1 x 1 y
M ylr21 2rŽ2yl. 2rl< < < < < <F H x q yŽ .xžM
Ž .ly2 r22rŽ2yl. 2rl< < < < < <q H x q y .Ž .y /
Ž .H2 then implies
< < < <K q KX Y
lim s 0.1r22 22 2< < < <X q Y “q‘ < < < <X q YŽ .
w xApplying Theorem 4.11 of 4 to Hamiltonian systems
Ç ÇX s K t , X , Y , yY s K t , X , Y ,Ž . Ž .X X
we obtain the theorem.
w xFinally, combining Theorem 2.1 with the results of 2, 9, 10 , we have the
following perturbation theorem for the existence of infinitely many forced
vibrations for Hamiltonian systems.
THEOREM 3.3. Suppose that H g C1 is independent of t, satisfies the
Ž .superquadratic condition 3.1 , and
Ž .H4 There are positi¤e constants a , a , b , b , 1 - p F p F 2 p q1 2 1 2 1 2 1
2,
p r212rŽ2yl. 2rl< < < <a x q y y b F H x , yŽ .Ž .1 1
p r222rŽ2yl. 2rl< < < <F a x q y y b .Ž .2 2
1, 2Ž n.Then for any T-periodic functions f , f g W R, R ,1 2 loc
x s H x , y q f t , yy s H x , y q f tŽ . Ž . Ž . Ž .Ç Çy 1 x 2
possess an unbounded sequence of T-periodic solutions.
w xSimilar results like that in 2, 10 for bounded perturbations of an au-
Ž .tonomous Hamiltonian function H satisfying 3.1 also hold.
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Ž .Remark 3.2. For the second-order Hamiltonian systems V , if V satis-
fies
< <0 - V x F u V x ? x for some u ) 2, x G R ,Ž . Ž .x 0
then
yx s V x q f tŽ . Ž .È x
2 walways possesses infinitely many 1-periodic solutions for any f g L ; see 3,
x8 . Theorem 3.3 is weaker in this case.
Remark 3.3. For convex H and V, there is a very effective theory to
deal with the existence problems of periodic solutions for Hamiltonian
w xsystems; see Ekeland's book 5 . But the convexity is not a symplectic
invariant property; in order to apply the symplectic transformation given in
Theorem 2.1, we need a variant of the convexity like the superquadraticity
and subquadraticity.
Remark 3.4. For the planar Hamiltonian systems, much better exis-
tence results of periodic solutions are known for both first-order Hamilto-
Ž . ŽŽ . 2 . Ž .nian systems H x, y g R and second-order Hamiltonian systems V
Ž .y g R based on the Poincare]Birkhoff fixed-point theorem. On theÂ
other hand, there is a simpler and more effective way to produce symplec-
Ž 2 .tic transformations for R , v with the help of polar coordinates. This0
Ž . Ž .leads to a unified approach for H and V via variational methods. We
will publish these results elsewhere.
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